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3.13 Solutions of exercises

Solution of Exercise 3.3.2

Figure 3.86: Exercise 3.3.2. Free-body diagram

Forces in springs:

)

Geometry:
[ x
sina = o , cosq =
VI +a? VI +a?
[ x
sin § = S cos } =

\/l(2)2+x2, 1§ + 2

Equations of equilibrium:
P —Sicosa— Sycos =0

N+ Sisinaa— G — Sysin 3 =0

Solution:
P = S,cosa+ Sycosf3

Result:
P=776N

Notice: The second equation of equlibrium is not necessary for finding the force
P. It can be used for determination of the reaction fakte
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Solution of Exercise 3.3.3

W

Figure 3.87: Exercise 3.3.3. Free-body diagram

Geometry:
sinq = L CcCoOS ¥ = L
VR a? - VhE a2
sinf3 = d , cosf = -z
(I —xz)2+ h? (I — )2+ h?

Equations of equilibrium:
Wycos f — Wicosa =0

N+ Wisina+ Wysing —W =0
Solution:
[—x T

W, W =
*Sl—z2+hr ' Vi2+a?

0 =>umy

Notice: See Matlab files213.m for numerical solution.
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Solution of Exercise 3.3.4

Geometry:
———
0,2
, 2b
y =tana = —x

Equations of equilibrium:
Pcosa—Gsina=0

N —Gcosa— Psina=0

From equation of equilibrium we have:

tan o =

Solution:

Result:
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Solution of Exercise 3.3.5

Figure 3.89: Exercise 3.3.5. Free-body diagram

Geometry:

tano = ———
2 2
> — a2,

Equations of equilibrium:
Fcosa—Gsina=0

S—Gcosa— Fsina=0

Solution:

Teq F
tana = ————— = G — Tegq

NoticeSee Matlab files216.m for numerical solution.
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Solution of Exercise 3.4.2

2/3a

>/L

a vG a

Figure 3.90: Exercise 3.4.2. Free-body diagram

Equations of equilibrium:

Z Fig - Ry, = 0
Z Fiy: RAy+S—W—G
> M —Ga—W§a+52a+M =0

I
o

Solution: . . u

10:0.5a+§:0.5a+%

Ri=Ruy=G+W -5

Result:
S =603.4N

lp=0.112m
Ry =396.6 N
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Solution of Exercise 3.4.3

VG

Figure 3.91: Exercise 3.4.3. Free-body diagram

Geometry:
. a 1
siIngy = —F——— = ——
Vaaz+a2 5
Equations of equilibrium:
> Fi: R, — Scosaa = 0

I
o

> Fy: R,+ Ssina —G
> Mis: Ssina2a—Ga = 0

Solution: Y
S = 2% = 75 G
V5
b § _ S _ 167.7
£ avs—2a 0.15V5-0.3
Result:

S =167.TN
k=4737Nm !
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Solution of Exercise 3.4.4

Figure 3.92: Exercise 3.4.4. Free-body diagram

Equations of equilibrium:

Z MiA: Nf25a—G115a—G2(25a+d) =0

Z Mz . Gla—Nr2.5a—G2d = 0
Solution:
1.5G1a+ (25a+d) G2
Nf =
2.5a
Nr _ Gl a—+ GQ d
2.5a
Result:
Nf = 6700 N

N, = 300N
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Solution of Exercise 3.4.5

A {lB
N, a TNz

Figure 3.93: Exercise 3.4.5. Free-body diagram

a) Minimum counterweight7,,,;, for the crane not to lose its stability with
Gy = 0. We suppos&V; =0 .
Equations of equilibrium:

ZMiB: Glmin(d+%)_G(b_ ) = 0

e

Solution: .
2
dy5
b) Maximum weightG,,,.x = 0 for the crane not to loose its stability with
Glmax-

Gimin = G =1538 N

First we determiné7,,,.. from the conditionV, = 0, G; = 0. Equations of
equilibrium:
d—%)—-GMb+%) = 0

Now we findGanay SUpposingV; = 0.
Equations of equilibrium:

ZMiB: Glmax(d+%)_G(b_%)_GZmax(c_%) =0
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Solution:
Glma,x (d+ %) -G (b - %)
GQmax =

= 3475 N

C —

e
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Solution of Exercise 3.5.2

T, T, .
o/ F a
20 0\ A B
% G
T, G Q
a ! T ‘” b a

30

Figure 3.94: Exercise 3.5.2. Free-body diagram

Equations of equilibrium in a scalar form:

ZEI RAI
ZMM’ (TQ—TI)G+F02C0
> My, Tob+ Ra, (a+b) + T cos30°b — Qa cos 20°
S M, : —Fa+Qasin20°— Ray(a+0b) —T1bsin30° + G b
S My - —Tya—Tya cos30° — Rp, (a+b) —Q (a+ b+ a) cos20°

Y My —Gia+Tiasin30°+ Rpy (a+b0) — F(a+b+a)+Q(a+ b+ a) sin20°

Equation of equilibrium in matrix form:

1 -5 0 0 0 0 Ty
—a a 0 0 0 0 T,
bcos30° b 0 a+b 0 0 Rpy |
—bsin30° 0 —a—-b O 0 0 Ry, |
—a cos30° —a 0 0 0 —a-—b Ry,
| asin30° 0 0 0 a+b 0 || Bs. |

o O o o O o
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[ 0
—F02a
Q@ a cos 20°
Fa—Qasin20°—G1b
Q (a+ b+ a) cos20°
| Gia+F(a+b+a)—Q(a+b+a)sin20°

Result:
Rayz =0N, Rpyy = —946.2 N, Ry, = —860 N, Ry = 12786 N, Rp, = 4349.4 N,
Rp, = —581.9N, Rg = 43881 N, 77 = 10000 N, T, = 2000 N

Notice: See Matlab files3415.m for numerical solution.
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Solution of Exercise 3.5.3

Equations of equilibrium in scalar form:

Equation of equilibrium in matrix form:

m:

4r

Sa

2a

T’

Figure 3.95: Exercise 3.5.3. Free-body diagram

PP

ZMW .
> My
ZMzz .
ZMiy' .
ZMiz’ :

S OO O O

oo O O O O

o O O O

o O O

o O o oo O

0
cos o
6 cos o
6 sin «
COoS o
sin o

RACE+T2 =
Scosar — Ti4r
Rg,5a — T72a + S cosaba
— Rpy5a + Ssinaba + N2a + Thdr =
— Rp,ba + Scosaa — Ty 7a =
Rayda + Ssina + NTa + Thdr =

S OO o oo

~T
4T,
2T

—2N — 4.08T5
7T

| —7N — 4.08T, |

Notice: See Matlab files3421.m for numerical solution.
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Solution of Exercise 3.5.4

Figure 3.96: Exercise 3.5.4. Free-body diagram

Equations of equilibrium:

S F, : —Q—-G+Ry+Rg+Rc = 0
> My - —Qrsing+ Rg R cos30° — Rg R cos30° =
YoMy, : Qrcosp—RyR+ RpRsin30° + Rc R sin30° = 0

o

Solution:
Ry =Q+ G — (Rg + R¢)
Qrsing
Rcos30° file)
(@+G)R—Qrcosp
R(1+sin30°)
fi(p) + falp)
2

f2(0) — fi(p)
2

Ry — Re =

RB+RC == fZ(SO)
Rp =

Re =

Notice: See Matlab files3423.m for numerical solution.
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Solution of Exercise 3.5.5

Figure 3.97: Exercise 3.5.5. Free-body diagram

Equations of equilibrium:

Z E:v : RAx + RBx + RCCE =0
Z Fzy : RAy + RBy + Rcy 0
ZECE _Q + RAz+RBz+RCz 0
> M, : —3aQ cosa—5aRp, —5aRc, = 0
> My, : 3a@ sina+baRpg, +5aRc, = 0
Geometry:
cos ap = B — 7D cos g = ¥B — YD COS VB = B 2D
BD '’ BD ’ BD
cos g = re — o cos g = e —Yp cos Yo = ¢ *b
CD ’ CD ~’ CD

Components of reaction forces:
Rp, = Rgcosag, Rpy, = Rgcosfg, Rg,= Rgcosys

Rcy = Rccosac, Reoy = RccosfBe, Rc, = Rccosye
Equations of equilibrium in matrix form:

1 00 cos ap cOoS Q¢ R, 0
0 1 0 cosfg cos B¢ Ry, 0
0 01 COS VB COS V¢ Ry, | = Q
0 0 0 —5cosflg —b cosfc Ry —3Q cosa
0 00O 5cosag 5 cosfc Rc —3Q sin«
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Notice: See Matlab files3410.m for numerical solution.
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Solution of Exercise 3.5.6

N

C”

B’?

RAZ
A y

B 9
Y

X

Figure 3.98: Exercise 3.5.6. Free-body diagram

Equations of equilibrium:

Z Fig : Ray + Sl:v + SQm =0
Z F;,: RAy + S1y + Sgy = 0
ZEZ/: RAZ—FSlz—f—SQZ—Q—G = 0
> My : —4aQ+aS;,+3aS, —2aG = 0
ZMZZ . —a511—3a52m =0
Geometry:
CoS app = B — b cos fpp = s YD coS _ B0
DB DB DB DB YDB DB
COS apc = ﬁcE—CJEE, cos fBpc = %, COS VEC = ZCE_CZE

147
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Components of forces:
Siz = S1cos apg, Sly = Sjcos fpp, Si, = S1cosYpn

Soz = S cos agc, S2y = Syc08 frc, Sz, = S 08 VRC

Equations of equilibrium in matrix form:

1 0 0 cosapp €OSapc Ra, 0

0 1 0 cosfBps ¢osPrc Ry, 0

0 0 1 cosyps €OS7YrC Ry, | = G+Q
0 0 0 cosyps 3cosyec St 2G+4@Q
0 0 0 cosapp 3cosapc So 0

Notice: See Matlab files3411.m for numerical solution.
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Solution of Exercise 3.5.7

Figure 3.99: Exercise 3.5.7. Free-body diagram

Equations of equilibrium:

Equations of equilibrium in matrix form:

N OO O OO

R/\Z , RB lsn
N T?,z
TJ’I
RBy y’
— = S’ N
y 1 T72
T—>

Y T’]

Y Fip: Rg, +T7 = 0
> M, : —2aS+3aN+rTy, = 0
> My : aN—-rTi1—2aS+2aRg, = 0
ZMzz —3aT1—aT2—2aRBy =0
ZMinI —aN—?“Tl—QaRAZ =0
ZMiz’: aT2—3aT1+2aRAy = 0

0 1 0 0 O [ Ray | I T
0 0 0 0 2 Ry, 3N +3.5T
0 0 0 2 -2 Rp, | 35T, — N
0 0 -2 0 O Rp, | 3T, + 15
-2 0 0 0 O Ry, —N —3.51T)
0 0 0 0 O S 3T, — 1T,

Notice: See Matlab files3422.m for numerical solution.
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Solution of Exercise 3.6.2

Figure 3.100: Exercise 3.6.2. Equilibrium of a structure

The structure has zero degree of freedom and it consists of three members. We
sketch the free-body diagram for the structure as a whole, and for members 3, 4.
Than, we write 3 equilibrium equations for each free structure or body. We have
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Structure as a whole:
ZEZ‘ . RAx 0
ZFiy: RAy+RB—F4 =0
ZM’iB: RAy-a—F4-3/4a+M4 =0
Member 3:
Z Fip Rpy + Rez = 0
ZMiC: RBd—RDy(C—d)—RDI(a—b) =0
Member 4:
Y Fip: —Rcy — R sina = 0
Y Fy: Rg cosa— Ry —Fy = 0
ZMici ME+F4(3/4a—d)—M4 =0
Geometry yields
a b a
c=a tgo’ tah’ 16 arcgc
Equation of equlibrium in matrix form:

1 1 0 0 0 0 0 01 [ Ray | I F,
a 0 0 O 0 0 0 0 Ry %aF4 — My
001 0 1 0 0 0 Rey 0
010 1 0 1 0 0 Rey | 0
0d O 0 b—ad—-c 0 0 Rp, | 0
001 0 0 0 sina 0 Rp, 0
000 -1 0 0 cosa 0 Ry F,

(000 0 0 0 0 1| | Mg | | F(d—3a)+M,

Notice: See Matlab filessB612.m for numerical solution.
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Solution of Exercise 3.6.3

2
Q 3 ¥
- \
B A
d 0 !ﬁ C
O
&% CS]_E
L 4 1 /
Q a b b 4
C

R,
Q
4
P—

{Rm —

Figure 3.101: Exercise 3.6.3. Equilibrium of the pliers

We free bodies 2, 3, 4 and write the particular equations of equilibrium.
Member 2:

e}

ZECE RAx"_RDx =
zey —RDy+RAy—Rc—F
ZMiA: RDId+RDyb—Rcb—F(b+C) =0

I
o
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Member 3:
ZEI RBI = 0
ZFiy: Q+RBy+RC - 0
ZMiB: 2bRc—Qa =0
Member 4:
ZEI RDI = 0
ZFiy: —Q+RDy—RE =0
> Mip : Qa—2bRy = 0

Remark:You can see that it is not necessary to free the member 4. It is clear that
Rpy = Rpg, Rpy = Rey, Rc = Rp from symmetry.

Using symmetry and excluding trivial scalar equations we have a system of only
6 equilibrium equation. These are in matrix form:

101 0 0 0 Ras 0
010 -1 -1 -1 Ry, 0
00d b —b —(b+c)||Rox| _| O
000 —1 1 0 Rp, |~ | =@
000 0 26 0 Re aQ
o001 -1 o || F ]| | Q]

Notice: See Matlab filessB614.m for numerical solution.
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Solution of Exercise 3.6.4

B Dd2

r Pl

Figure 3.102: Exercise 3.6.4. Equilibrium of the landing gear

First of all we expres the geometrical dependancies.

z1 = ECcosd z9 = AF cosa z3 = AG cosa

Next we free bodies 2, 3, 4, 5, 6 and write the particular equations of equilib-
rium.

Member 2:
Z Em : _RBI - Fp =0
Y Fy: Rg,+N = 0
ZMiB . Nn = 0
Member 3:

ZEI Fp+RDm =0
Zﬂy: —N+RDy =
ZMiD: Nn = 0

o
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Member 4:
Z Em : _RD:L‘ + RCm =0
ZE?J —RE—RDy+RCy =0
ZMiC: Rthl—FREzl =0
Member 5:
ZFiy : RE — RF =0
Member 6:

Z Fip —Rprp, = 0
Z Fzy . RAy + RF - Q = 0
ZMiA: RF—ZQ—QZ;), =0
Remark: You can see that it is not necessary to determinate amgleThe last

eguations can be rewriten to

Excluding trivial scalar equations we have system of only 8 equilibrium equa-
tion. These are in matrix form:

0 -1 00 0 0 0 —177 Ra. 0
00 00 1 0 0 1 R, 0
00 10 -1 0 0 0 Res 0
00 01 0 -1 0 0 Rey | _ 0
000 00 hy 2 0 0 Rp. | — 0
00 00 0 1 —1 0 Rp 0
10 00 0 1 1 0 Ry Q

(000 00 0 0 1 0 ]| Re | | Qu/n.

NoticeSee Matlab files615.m for numerical solution.
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Solution of Exercise 3.6.5

y R

A

Figure 3.103: Exercise 3.6.5. Equilibrium of the decimal scales

We free bodies 2, 3, 4, 5, 6 and write the particular equations of equilibrium.
Member 2:
Z Fig : Ry, = 0
Y Fiy: Re + Rgy + Ry =
> Mu: Ro(v—s—t—u)+ Rgy(v—s—1)

Member 3:

I
oo

ZFiy: RD—RH =0
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Member 4:
Y Mx: —Rgy(v—s—u)—Qv—s—u—z) = 0
Member 5:
Y Fy: Rc—Rxk = 0
Member 6:

ZE?J —Z+4+Rg—Rc—Rp = 0
ZMiB: Z?"—RcS—RD(S—f—t) =0
Excluding trivial scalar equations we have system of only 8 equilibrium equa-
tion. These are in matrix form:

[0 0 0 1 1 1 001 [ Rg | — 0
0 O 0 v—s—t v—s—t—u 0 0 O Rc 0
0 0 1 0 0 100 Rp 0
00 0 0 1 010||Rg | _ Q
0 0 0 0 v—s—u 0 0 0 Re | | Qv—s—u—ux)
0 1 0 0 0 010 Ry 0
1 -1 1 0 0 0 00 Ri A
|0 —s —(s+1) 0 0 ooo|| z | | Zr

NoticeSee Matlab files6111.m for numerical solution.
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Solution of Exercise 3.6.6

Figure 3.104: Exercise 3.6.6. Equilibrium of the lifting platform

First we express the geometrical dependancies:

[ [
n= \/(l + 5)2 +a? —2a(l + 5)003¢

(I+1)xcosp —a
n
e=7-9

v = acos(
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Next we free bodies 2, 3, 4, and write the particular equations of equilibrium.
Member 2:

ZEI RAI+RDI = 0
ZFiy: RAy+RDy—RB =0
Y M;n: Rg2lcos¢ — Rp, lcos¢ — Rp, Ising = 0
Member 3:
ZFZCB ch—RDx—f—FpCOS’y = 0
ZE?J Rcy—RDy+RE+FpSiH’)’ =0
> Mc: Rpylcos¢ — Rp, Ising — Ry, 2lcos¢ — F,sin(y — ¢) é =0
Member 4.
S Fiy —Rey — Fycosy = 0
Y Fy: —Rey — Rg — Fysiny = 0

Y M,c: —Rgp2lcosp+ Fysinya = 0

We have system of only 9 equilibrium equation.
If we introduce auxiliary variables:

cp = coSp, sp = sing, cg = cosy, sg = sinvy, se = sine

Can be equations of equlibrium writen in matrix form:

1 0 0 0 0 1 0 0 0 Ra, 0
01 -1 0 0 0 1 0 0 Ry 0
00 2ep 0 0 —Ilsp —lep 0 0 Ry 0
0 0 0 1 0 -1 0 0 cg Rc, 0
0 0 0 0 1 0 -1 1 sq Rey | = 0
00 O 0 0 —Isp lep —2lep —se(l+1) Rp, 0
0 0 0 -1 0 0 0 0 —cq Rp, 0
0 0 1 0 -1 0 0 0 —sq Rg G
(00 2p 0 0 0 0 0 sga L F, || o

NoticeSee Matlab files6120.m for numerical solution.
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Solution of Exercise 3.6.7

Figure 3.105: Exercise 3.6.7. Equilibrium of a hub lifting mechanism

First we express the geometrical dependancies:

(OB2 + OA? — AB?)

@ =acos——GEor )
B (AC? + AB? — B(?)
d = acos( 5 AC A )
: OB
p= 3bsm(AB sina)
e=0p—90
Next we free bodies 2, 4, and write the particular equations of equilibrium.
Member 2:

Y Fiy Ray — Ry + Fcosae =
Y Fy: Ray + Rey + Feosa — Gy =

Y M;a: Rcy AC cose — Ry ACsine — F cosa ABsinf — Fsina ABcosf =

o
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Member 4:
S Fiy: Rc, + Rpcose = 0
>.Fy: —Rcy— Rpsine —7Zy
ZMiC : Z4CK—RDCOSGCD =0

We have system of only 6 equilibrium equation.
If we introduce auxiliary variables:

I
o

mf = —cosaABsinfg — sinaAB cosf3

Can be equations of equlibrium writen in matrix form:

10 -1 0 0 cosa | [ Ras
01 0 1 0 sina Ry,
0 0 ACsine —AC cose 0 mf Rey |
0 0 1 0 COSe 0 Rey |
0 0 —1 —sine 0 Rp

| 0 0 0 0 —coseCD 0 | | F |

NoticeSee Matlab files6122.m for numerical solution.
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Solution of Exercise 3.8.2

Figure 3.106: Exercise 3.8.2. Equilibrium of a hand-barrow

First we free particular bodies and write down the equations of equilibrium.
Body 2:

ZECE RAx_st = 0

ZFzy RAy—G2+N = 0

ZMiA: Mkj"_Mt_str =0
Body 3:
Y Fiy Fcostp—Ray = 0
Y Fy: —Rpy — G35+ Fsing = 0
ST M;a: FsingplcosB —F costplsinff— Gs(l; cosf—hsinf) — My = 0

Then we express the friction forces using their definitions

Mkj:rjlﬁkj\/R/Zx;p_*_Riy y Mt:|N|€
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and we subsitute them into the equations of equilibrium. We get a system of 6
nonlinear algebraic equation containing 6 unknouis, Ra,, Fi, N, F, . We
solve the system using Matlab. The resulf's 154.7 N;i» = 84.7°.

After the solution we check the condition of rolling using the formula

| Fsr| < [N| ps

The condition is valid in our case becausie34 < 144.36.
In case we have no solver for system of nonlinear algebraic equations we can
use the linearized expression

for the moment of friction. Supposing
|[Ray| > |Raz|

we get a system of 6 linear algebraic equations after linearizing. These can be
written and solved using familiar approach.

Solution of linearizing equations:
F =149.53 N, ) = 88.88°

Solution of nonlinearizing equations:
F =158.18 N, ¢ = 82.33°
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Solution of Exercise 3.8.3

Figure 3.107: Exercise 3.8.3. Free-body diagram

First we use the standard expression for belt friction:

& — P
Q
This yields
In2 = f
1
g =—In2 =2.310rad = 132.353°
Mk
From geometry we have
cosoy = —

T

R
o = arccos — = 60°
r
=04+ a=192.353°
v =¢ — 180° = 12.353°

Equilibrium equation is
M+QR—-Qrcosy=0

This yields
M =Q(r cosy— R) =9.54 Nm
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Solution of Exercise 3.8.4

= 1

Figure 3.108: Exercise 3.8.4. Free-body diagram

Equations of equilibrium for the upper wheel:

S = 545
rjukj(51+52) = (51—52)7“

Equations of equilibrium for the lower wheel:

R = S51+5+0
M = (Sl+O—SQ)T+Tijj(Sl+SQ+O)
Expression for the belt friction:
S1+0
Sy

Altogether we have 5 equations for 5 unknowns, nantely,, Sy, R, M. After
some manipulations we have

e’ Hr — min

T Bkj—T o
re “k‘] (ewﬂk._'_l)_r (ewuk_l)] O — 1231 N
Sye™t — (O =130.74N
S1 4+ Sy =253.846 N
23.652 Nm

= S1+5+0 =353.84N

SRR
|
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Solution of Exercise 3.8.5

Nlus A ﬂk N/us

<«
e

Figure 3.109: Exercise 3.8.5. Free-body diagram

Equation of equilibrium for the plate:
Q=2N ps
Equation of equilibrium for the rod:
Glcosa+ Npug2l cosae = N2 sina

Solution:
N = _Gese 116839 N

2 (sin a@— s cOS )

Q = 2Np,=35.052N

The condition foray,,,x IS
N — o0

Hence:
tan max = fis

and
Omax = 8.53°
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Solution of Exercise 3.8.6

Figure 3.110: Exercise 3.8.6. Free-body diagram

Equations of equilibrium :

R,—S;sinae = 0
R,—G—S;,— 5 cosa =
—M—FMkJ—F(SQ—Sl)?" =0

o

The expressions for friction forces are:

Myj = rj pug R
& — 6(71""&) Mk
S

Using Poncelet expression for linearization of friction moment we write
My =1 juj (0.96 (G + Sy + 51 cosa) +0.45; sina)

Geometry yields
. r
Sané—E—§—>C¥—

S

hence ,
Sy =S8, e% %3 =3.0035,

After substitution we have

My; = 77 i (0.96 (G + S, (€5 %% + cosa)) + 0.4 S, sina)
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and

My; + 51 (6%0'3 —r=M
S1[0.96 75 pu; (e%" 031 cos @))+rj ;0.4 sin a+(e%” 03_1)r = M—0.96r; jue; G
_ M —0.96 7 pu; G
0.96 T Lk (e%’r 03 + cosa)) + 7 puy; 0.4 sina + (e%’r 03 _1)r
At the end

=792.385 N

St

Pl =57 cos30°
pP= %sl 08 30° = 214.44 N
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Solution of Exercise 3.8.7

Figure 3.111: Exercise 3.8.7. Free-body diagram

Equations of equilibrium of the roller:

R,—Fy = 0
R,+N—-Q
Mkj+N6—st’I“ =0

I
o

Equations of equilibrium of the tow bar:
F,—-R, =0

F, -G - R,
—My+ Fy2lcospB—F,2lsin+Glcosp = 0

I
o

Poncelet expression for the friction moment:

Equations of equilibrium in matrix form:

[ -1 0 0 0 1 0 0 Tss
0 1 0 0 0 1 0 N
—r e 0 0 0 0 1 F,
0 0 1 0 -1 0 0 F, | =
0 0 0 1 0 -1 0 R,
0 0 —2lsinf 2lcosf 0 0 1 R,
| 0 0 0 0 —rj,uij.él —rjukj0.96 1 1 L Mkj i |

Notice: See Matlab file S736.m for numerical solution.
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Solution of Exercise 3.9.2

/P y r
<>
b M v
h ¢ h C, v
O r x O x X

Figure 3.112: Exercise 3.9.2. The centroid of a flywheel

The flywheel is composed from a cylinder from which a cone is extracted. The
centroid is located on the axisdue to symmetry and the following is valid

:yc1V1—yc2V2

= h 3.54
v, (3.54)

Yc

where the subscript 1 denotes the cylinder and the subscript 2 denotes the cone.
According to Fig. 3.112 we have

h b
J?Jdv [y (h — y)2dy
2 0
Yoo = v = %’/TTQh = 1 h (3.55)

The substitution 3.55 to 3.54 yields

b gﬂrzb—%-émﬁh

mr2h — % mr2h

and after some manipulation we have
h? — 4bh + 2b° = 0

The rooth = b (2 — v/2) = 0.586 b is acceptable.

Notice: See Matlab filescG102.mfor numerical solution.
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Solution of Exercise 3.9.3

Y
Y
@
b dg

VL 3 r

r )
o @

b X X

Figure 3.113: Exercise 3.9.3. Division of the wire

We split the wire into three parts:

Partl: x¢ =0,
Part2: zeo =1+ %, Ycz =0

Part3: zc3 = 2r

_ b
Yyc1 =1+ 3
2r _
T Yos = &

To computerc; we can write

[NE]

$C3gT:/T cos prdyp = r? [singo]og =r?

0

and hence
2r
roy = —
T

Due to symmetry
Yoz = Tcs

To computer we write
o1l +xe2ly + 2033
Tr b 2r wr
2b+—) = 0 )b+ — —
zo( +2) +(r+2)+7r2

re = 0.0334m

l‘cl =

Due to symmetry
Yc = Tc
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Solution of Exercise 3.9.4

yho b ,
r
— : 15
A, & z
b / : -
i 12
O a X I,

Figure 3.114: Exercise 3.9.4. Division of the area

We solve the excercise for the centre of gravity of the area first.
We split the area into three parts. Areas of the particular parts are:

Al =ab; Ay =(a—0)r; Agz%
and the interesting aredis
A=A — Ay — A3
Coordinates of centers of gravity are
Part 1: o = 3, Yor = %
Part 2: ey = 42, yc2=b—§r

Part 3: ze3 =b— 2L, yeg =0b— 2L
To computerc we write
TCypea A =11 A1 — T2 Ay — 103 A3
To computeyc we write
YCaren A = Y1 A1 — Yo2 Az — yo3 Az
After substitution of numerical values we have the result

TCpen = 0.02714 m YCuren = 0.01343 m

Second we solve the problem of centres of gravity of circumference.

area into six parts. Data necessary for computation are in table:

172

We split the
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Part No. l; T Yci
1 a 5 0
2 b—r a I’*TT
3 a—>b “TH’ b—r
4 %r b—Q?r b—%r—r
5 b—r bfTT b
6 b 0 g

To computerc . andyc,. we write

circu circu

6 6
l‘ccircu l = : :l‘cz lz’ yccircu l = : :ycz lZ
1 1

After substitution of numerical values we have the result

TCpypen = 0.0296 m YCuirew = 0.0138 m

circu
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Solution of Exercise 3.9.5

(0]

0

(0] X X

Figure 3.115: Exercise 3.9.5. Decomposition of a rivet

We decompose the rivet into two parts. Part 1 is the cylinder, part 2 is the
semisphere.

Part 1: W:”szh; Yor =

Part 2: Vo=277r% yeo =

[SUNT
o4

The centroid of the semisphere we compute as follows:

r r

ycszz/dez/yﬂp?dyz/yW(TQ—yZ)dyZ/WZydy—/ﬂy?’dy:
0

0

=—_Tr —-mr =-7r
2 4
Hence )
Tmrt 3r
C2— 95 2 — <&
4 Zqr3 8

The coordiante- of the centroid of the whole rivet we compute from the equation

YoV =y Vi +yc2 Vo

After substitutions we have

T d? Td? h md? 3r.2 4
yc(—4 h+—12)_§—4 h+(h+—8)§7r7“
The result is

yo = 0.0476m
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Solution of Exercise 3.9.6

Yy
\01
b h
0|z X
64\
S
,,,,,,,,,,,,,, /3(/
b ’ X

Figure 3.116: Exercise 3.9.6. The particular volumes

We first split the circular plate into three parts:

Partl : VlzﬂTth; 2o =0

Part2: Vo= & (h— hn); wop = —32
2

Part3: V3 = —% h; Togz = T

For z- we have
eV =z Vi + 2o Vo + 203 V3
Using the condition

Trc = 0
we find that 5 4 rd? »
T T ay
ek . o —Lh=0
37 s () —aey
From the last equation we compute
(h— hy)d?
dy = | ——=— =0.0583
! 3wz h 0 m

Notice: No Matlab file is necessary.

175
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Solution of Exercise 3.10.2

AL il V\M

13]

Val

Yal

F Q
AR . ws B \M

M o mx —

™~
™N

M
|

X

Figure 3.117: Exercise 3.10.2. Internal forces in a beam

Solution
We compute reaction force®, , Ry first. We replace the distributed load by a force
W = wi = 30 N the point of action of which is in the centroid of the rectangle
(see Fig. 3.68). Using moment equlibrium equation we have

S Mia: M+Rgl—W?2l—FiL

0
S Mg: Ral—F2l—-Will—M=0

The resultisRy = 174.16 N, Rg = 55.83 N.
We compute the particular internal forces in intervals where no change of load
type occurs using definitions.
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Interval0 < z <

col~

Interval L < z <

N[~

N
v
M,

Interval{ < z < I:

N
v
M,

N =0
V. = Rpa=17416N
M, = Rax=(174.162)Nm

= 0
= Rpx—F =-25840N

= Raz— (v — %) F=(—2584z+40)Nm

= 0
Ry—F—w(z—1%)=(4,16-12)N
= Ryz—(z—5)F—w(@—5ix-1)

Intervall < z < 1+ a:

N =
V=
M, =

0
Ry—F—wi+Ry=0N

Ryz—F(z—%) —wli(z—21)+Rp(z 1)

The plot of results is shown in Fig.3.68. You can see that maximum bending mo-
mentMy,,., IS In position

[

=-=0.2
x 3 m

whereV = 0 occurs. Its value 19/« = 34.832 Nm.

Notice: See Matlab fil&beam2D.m for numerical solution.
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Solution of Exercise 3.11.2

y
r

S \

' Y

A

Figure 3.118: Exercise 3.11.2. Free-body diagram

Equation of equilibrium:
M=Sr + Mkj

The force in the spring:
S=kx

The moment of friction:
My =75 g R =15 0 (S + G)
The moment\/ as a function of::
M=kxr+rpux(kz+G)

Mechanical work ofi\M;

W:/Mdga
Geometry:
r=rp, dr=rdp
Computation:
J h
W:/M—x:/[MGJrk(leM)x]dx
r T r
0
" 1 s
| L Ly e Ay Y R L
r 2 r
Result:

W =15.3 Nm
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Solution of Exercise 3.11.3

TZ

Figure 3.119: Exercise 3.11.3. Free-body diagram

Moment:
M = Zr tan(a + ¢)

The force in spring:
Z=kux

The friction angle:
¢ = arctan py = 2.862°

Geometry:

T
tana = —, = , dp= dz
(%, rtan « rtan «
After substitution we have:
M =kzr tan(a + @)

Mechanical work ofi\:

W:/Mdg):/ M dx
r tan o

h
W= /kxtana+<p)dx:1kh2tan(a+go)
0

tan o 2 tan o

Result:
W =11.6 Nm

179



CHAPTER 3. STATICS 180

Solution of Exercise 3.11.4

Figure 3.120: Exercise 3.11.4. Free-body diagram

First we redraw the body into the current position and we sketch all relevant forces,
namelyG, P, S. Mechanical work of the forc# is the summ of mechanical work

W1 needed for lifting the body, and mechanical watk needed for stretching of

the spring.

Mechanical workiV;:
hi
Wy = /Gdh:Ghl =10.0,2=2Nm
0
Mechanical workiVs:
51 &
W= [sas= [redc=3re-)
50 &o
where&, &, & denote deformations of the spring in current, original, and end

positions.
Geometry:
bh+& S
lh+&—h @G
As S = k&, G = k& the following is valid
£ = Gl

k(o — h)
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and forh = h; we have

181

[\ — Gl
YTkl — )
1, G 2 102 0.32 B
Wo=3k&-h) =53 (lo—h1)2_1 T 2.100 (0.3—0.2)2_1 =4Nm

Mechanical workVp of the forceP:

WPZW1—|—W2:6NHI
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Solution of Exercise 3.11.5

3r 3r

\\\\\ VQ

Figure 3.121: Exercise 3.11.5. Free-body diagram

Mechanical work of the forcé done along the pathis

h

WSZ/Sdl‘

0

First we have to express the magnitude of the f&fas a function ofc. We free
the system of bodies in the current position for the purpose. We suppose rolling of
the cylinder without slipping on the ground.

Equations of equilibrium of the cylinder:

S—st—Ffl - 0
N-G-N
Ff1T+N€—stT = 0

I
o

Equation of equilibrium of the plate:
N1 €r — Q 3r =0

Friction force:
Frp = Ny

After substitution and some manipulations we have:

§=Q3r (2m+7) é+G§
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hence

Wy

Ws
Ws
Wg

6r 6r 6r
[Sdz=Q3r 2m~+%2) [L+GE¢ [da
Q37 (2m+£) In6+GE5

500.3.0.1 (2.0.34 %) In6 +300.0.01.5
203.13 Nm

183
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Solution of Exercise 3.11.6

Var

F

oo

Figure 3.122: Exercise 3.11.6. Free-body diagram

The cylinder will roll without slipping at the beginning of its motion due to the
magnitude ofus given. Hence the equations of equilibrium of the cylinder are

P-Fy=0, N-Q=0, Q% sing — For =0
and 0
P = 3 sin @
Simultaneously the condition for rolling have to be fulfilled:

FsSN,USa FséQﬂsf

The maximum angle; follows from the maximum value af; which is

Q .
stmax = Qﬂlsf = 5 Sin @1

2 jisr = sin gy

For pus = 0.25, sin p; = 0.5, 1 = 30°. It follows that in the first stage of motion
the coordinate: changes frond to [y = r ¢ .
Geometry gives

=Ty, dr =rdey
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Mechanical work of the forc# during the first stage of motion is

Ul 1
Wpr = dex:% sin o dp
0

Wpi = QL(1—cospr)=80% (1—cos30°) Nm
Wp, = 1.607 Nm

OS'G

During the second stage of motion cylinder slips on the ground along thé path
due to forceP = @Q u, magnitude of which is constant.

Mechanical work of the forc# during the second stage of motion is

!
Wpy = Pfde:Q,Uk(l_TSOl)
l

Wpy = 80.0.25 (1-0.337) Nm

Mechanical work of the forc#& along the whole pathis
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Solution of Exercise 3.12.2

AN

p

Figure 3.123: Exercise 3.12.2. Designation

The basic equation of pvw:

Mép+ F cosadp— F sinadqg— Zdy=0

Geometry:
p = konst.+1r cosy; dp = —rsinpdyp
g = konst.+rsing; dqg = rcospdp
y = konst.+rsing; dy = 71 cospdyp

After substitution we have

Mop —F cosar sinpdp — F sinar cospdp —Zr cospdp =0

Hence
M = r[F (cos a sin ¢ + sin « cos @) + Z cos ¢
or
M =r[F sin(a+ ¢) + Z cos ¢]
Result

M = 42.8 Nm
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Solution of Exercise 3.12.3

[

Figure 3.124: Exercise 3.12.3. Designation

The basic equation of pvw:

—S6l—7Z62=0
Geometry:
[ = 2rsin %;w; 6l = —rcos(§; —%)dp
z = konst.+57rsing; dz = 51 cos iy
After substitution we have:
Sr cos(% - %)&p— Z5r cospdp =0

Hence

D COSs 7 5 cos 306°

S =
cos (§F — %) cos 30°

50 = 250 N
The force in the spring:
S =k(2r sin30° — ly)

The stiffness:
250

= = 3Nm™!
501 sm30° —0.07 o333 Nm

k
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Solution of Exercise 3.12.4

Figure 3.125: Exercise 3.12.4. Designation

The basic equation of pvw:

—Z6z+56l=0
Geometry:
z = 12rsin(p—a); 0z = 1.27 cos(p — @) dp
Il = 2rsin$; ol = 27“008%%590

After substitution we have

_52

S=3

Hence
S

B 1.2 cosbh°

127 cos(p — a)

5g0Z

2r cos%%&p

_ 1.2 cos(p —a) 7

»
COs 5

2500 = 3450.92 N

cos 30°

The force in the spring is

Result:

S=keé=kol

k=108 = 34509.2 Nm™'
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Solution of Exercise 3.12.5

Figure 3.126: Exercise 3.12.5. Designation

The basic equation of pvw:
—Qoy+ Moy =0

Geometry:

y = ising; oy =

rg = 1V2—20sin22; 6 =

S~ N~

After substitution we have
[ [
—Q§ cos p o + M; cos(% - g) dp =10

Result: 01 cos30°
r .1 cos

=—-——— @ =———7—5000=250 N
2 cos(§ — %) @ 2 cos30° o
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